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Abstract: As a first attempt, the incremental differential quadrature element method (IDQEM) was adopted to
perform the one-dimensional nonlinear transient heat transfer analysis of functionally graded material (FGM)
sandwich slabs. The thermophysical properties of the slab were considered to be position- and temperature-
dependent. To implement the IDQEM, the sandwich slab was divided into three spatial sub-domains along the
layer interfaces, and the entire heating process was also divided into several temporal sub-domains. For each
temporal sub-domain, the governing equations as well as the initial condition, interfacial condition, and boundary
condition were discretized by the differential quadrature technique. Because the obtained discrete equations were

built in different regions of grid points, a modification of the equations was proposed which were then expressed in
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the matrix forms so that they can be built in the same regions. Using the Kronecker product, the simultaneous

matrix equations were transformed into a set of nonlinear algebraic equations, which were then solved by the

Newton-Raphson iteration method to obtain the temperature profile for each temporal sub-domain. Because the

initial condition of each temporal sub-domain was defined by the temperature results at the end of the previous

sub-domain, the temperature profile of the slab during the entire heating process can be obtained by repeating the

calculation procedure from the first temporal sub-domain to the last one. Numerical examples were carried out to

verify the fast convergence of the present method. The correctness of the present method was verified through

comparison with the analytical and numerical results reported in previous works. The effects of temperature-

dependent thermophysical properties, volume fraction index, and thermal boundary on the temperature profile of

the slab were discussed.

Keywords: functionally graded material sandwich slab; temperature dependence; transient heat transfer; incre-

mental differential quadrature element method; Newton-Raphson iteration method

Je SR G PRI AR BT . IR RE AL S SRR A
LA R TE ®AT A . XSO M | AR B HAL % 45 40
HWARR M. Hewl ik Sk 2450
FHEG, DhREHE AR (FGM) J& 2 45 ¥4 38 1o 2H 43
MOBHE 25 18] 13 2250 A, AT I B oRE 4 J2 5L 1 A 422
fl PBEL AR, S3 G, PRIk FGM 3¢ J2 25 ¥4 # Bl H T
iR ARG, IR T i FGM J¢ J2 45 1 1) 4% 4
B, X H A S B

1E FGM R Z 45/ w1 b it il T451 )8
FE R AP A I 0] B R /IS 22, DRI 8 A%
A ) 291 7 A A Y JEE B 7 o) ) — 2 [T, Daikh 45
23 T Dirichlet #1 7 254 T FGM Je )2 M (1) —4E 2
A5 PAL e [0) BLAG AT A% o Dinid 451 25 p8 3 1 Pt
TR E T, BF9E T e sk FGM 3¢ 2 3 4%
M I R AR EE A A o R T iR 23 ™ E 52 I FGM
R T 28, IAR I3 B 5 255 I8 A T 2800
FEARR M B e, 3K S B A ) AR Rl R 2t
[n] 5, Shen Al Li™ 2% & 20 43 %4 BL A T 2 B0 A0 1R
HOBiPE, BH9E T FGM e Z AR AR L fa A e &
[] 75

DL ETAEUIFSE T FGM 32 /2 45 ke 1l 58 2545 #R
()R, SR, B0 45 B A0 45 44 PN I B 43 A1 Ab
TP HORAS, X TR AR R bR R T S B
B AERE . BRI, FRASS T AT RE 23 Al A5 A IR
FE5r A, SBOTE TIRSF . A T RES AT RE I D
gt B, A AR AR L M R S AL P R AT U
W 0 . Pandey 45 R A BR 22 43 ¥ (FDM) #f
%% T Dirichlet 1 £ 45 F FGM & 2 M iy — 4k JF £k
PERRA AL S, 45K, B S5 5 Sk
E R A B, SR, MalekzadehZ: 35 Hy, &
S5 H0(E 5 7% n FDME R A R e ik MR R R N
AR IRI A, DA PR 45 S A e Sk FnvfE s ik, (H

X FEOTRAER

o SR L (DQMY) & — PR Al sk 43 T B2 1 4R
H7 8, 2k T BA Rk IR FEHE 5 55 =X
SRS SN AT RPN s R = i (P RSN/
A TR AT LS 7% 4 FDM, DQM
OB 0iF B HL A R RS B AN T SRR A A, 7R
O TAET, 243 EEERH DQM KBl fn] 115
SR, DQM JfANE FH TR Mg b T Ar 48 . AREFIIR
AN S TE U 28 R, R T SR X 2
[a] #% , Wang % "9 Fl Chen %' 3t F 1% 4 i) DQM
f i T B SR R otk (DQEM), % T DQEM,
Malekzadeh 25" S0 #fr T FGM 3¢ J2 72 1) £ 285 4% #h
[ 85, Dai 45" 3 33 7 25 6] 3% _- 1 F] DQEM - 7¢
B[]k W FH Newmark 5, 451 17 &% FGM JZ £
JE BB R G B AR FE 40 A o 4R Malekzadeh
L8R Dai S5 A 18 T R 3 R B IR K
b, HE E Al B T S B (a0 % R R IR AR ) R
Wi, TEm iR, XA AT RE 23 1 B — &
MR 22 o

A SO R 2R B A oK R R Tk
(IDQEM) 43 My I 22 $4301 B 2541 FGM e JZ AR (1 —
ArAR LK MERE SR, 8 T AR TS8R
T B RS e B Iof A A0 B S, DR v A o T B
By U B HERR T . b N IDQEM, K B[R] 4
) AR K] 43 R T i, SR O SR AR B R X AR
— B[] BN PR R . RIIR AR BT SR
Kol FEA AR AT B AR B, O 3 R B T
WO B T8 20, &5 >k | Newton-Raphson i
AR K A, ARAR BN I (] 3 P 1 2 )23 Al it
FEff . R BHER =0, B AT IRAS 3 A 2 Al 72
FA IR R 0 A o B S0 S I T A 5 v ) DR W 8
FUERG BEPLE, IRiTie T — 2 LS 306 FGM %



- 6286 -

EEMRER

JZEAR 53 AT Y52

1 FGM Xk ERMEHREE
1.1 FGM EXEHRMH TS

K 12— FGM 2 M, HIKE . i JE FTi
JZ55 50k 42 T PRAR AL RE . FGM B4 L I P 5 2R AR 44
Bl FRMG SRR H, SHRIZERE R Hy(s=1.
2. 3)o F IR MORHR T S H00 T B O, i
A Ry B
Pu(T) = PR(P™, T + 1+ PPT + PRT? + PTT?),
P(T) = P§(P° \ T™' + 1+ PT + PST* + P5T?) (1)
Hr: P TP A 53 4 @ IR & 1 A 3 T2
B, PRPRIPS(k=—-1. 0. 1. 2. 3)43 51k 4 )& A b
BT SBNREREG THRE. @ pr=pr,
P§=P§: PT=PTPY. PC=POP(j=-1. 1. 2\ 3)
W= (1) TS N

3 3
Pu(T)= " PPTHPAT) = ) BT (2)
k=—1 k=-1
X
Ceramic H,
FGM H, |H
Metal H,
o

(a) FGM sandwich slab

x(:)

sth layer :[ H,

o

(b) An arbitrary layer

x—Global coordinate for the sandwich slab; x¥ (s = 1, 2, 3)—Local
coordinate for the sth layer; H—Total thickness of the sandwich slab;
H,—Thickness of the sth layer

B 1 SIRERE AT (FGM) JeZ0R 2
Fig.1 Schematic view of the functionally graded material (FGM)

sandwich slab

YT EWRAEES s(s=1. 2. 3))Z, 7k
TR iR A AR xO(1& 1(b)), R Voigt {45 A #5 Al
HFAEHA BT SHPY, B
PO, Ty = Po(T) + [Po(T) = Po(T)] VO (X)) 3)
Mo, V95 s R AR R BB X TR
2, VO RIS 3

V(l)(x(l)) =0,0<xV<H;
VOu®) = (x2/H,)",0 < x? < Hy;
VO =1,0<x® < H; (4)
Hr, n i FGM JZ AR T/ 58 5.
1.2 FGM X EHRHIERFTRE

AL FGM I JZ WAL #0 BT 36 LU A~
W (1) & F R R B AR AN T AR T ] AR Ak
(2) A SR AR X T B2 R0 58 B 1) RS R4/ . R
A %) A2 B[] R0 RT DA 5 A i RS T i ) — 2 )
BT RERAFR XS, 5 s R B PAL T RE AP
[/l(s)(x(s), T)T,(;)(t, x(S))]’x —

OGS, Ty (S, TYTO (1, 19 (5)

e AR TR A9 i 7m0 I ) ) i 55 T AR b
4 12 5 3% 7 0F G5 A7 AR AR B 5 ¢ D NE ]
T A9 pO0 SR s BRI . BB SR

B mELL LA
fI5 15 40 B et 220 M P U E T A R S AL B
70,2 = T (x) (6)

PR 98 2 14 3L B AN TG I S Ak, 15
,2

TG Hy) = T (1,0), s=1 ™

94 Hy) =TSV (1,0), s=1,2 (8)

{58 e JEARLJEG THTZ: 11 ARV P, T L 2
ZAE IR AR ST LR, Uk R A
—A00, DTS (1,0) = hoot [T(2,0) = Toar(1)] 9)

A (H3, YT (2, H3) =
Gop(®) - e { [TV H)| =Tt} (10)

Fot s Too 9 F MBI ASIRBERLE 3 o 9 F NS
TR Top N LM EIREEE ; qoop WL
2 1 2 A A B9 I 8 04 5 o 9 Stephan-
Boltzmann % %t; & WHISHR. HEBIGL, &
i VA T FOA 2K B T A PR TR T,
B L SR P2

2 WERSKBETE

R (5)~(10) JE B T FGM 32 J2 b 1 g S AL $
fif 0], T AR TS BB IR R, TR
B4 G 2 R =X (10) v B A TR Y 4 koI, (LU
Z 0] s F AR S M) 8, Tl R B IDQEM 3K f# o
SRR HZI T, E SRR IS BRI S p(p= 1)
ASEFE] I, Kb r(r=1. 20 . p) DT



1 S5

T b el 2 SR BR B TT 0k B D RE B BE BRI 2 A AR e RS

BT BT - 6287 -

I Ay bl I AR PR AR S 5 TR] I 9T 2 A T
JeERRAN 4y 3 A A 5, W 2 Bk, KA
r /S B ] BORN 2R s A 2 ) - 38043 ) B R M A
NASTT AL mUHﬂLI'Eﬂbjﬁﬂ%lﬁJbﬁJ:E‘J@ R il
M= MFN=D NS L
#H Gauss-Lobatto-Chebyshev 5 !,

At (i-Dmn
(r) r ]
7 == |1-cos =12, M,
i 2 [ Mr—l] ! "
H (-D=m| .
() _ sy _ —
X == [1 cos N1 =12, N; (11)
Ny
N1
The 3rd layer :
(Ceramic)
J=1
N,
N1
The 2nd layer .
(FGM)
=1
N,

The Ist layer

(Metal)
X 2
J=1
;=12 M1 M,

@ Interior points A\ Surface points

@ Interfacial points @ Initial points

M, and N;—Grid point numbers in the rth temporal sub-domain and the

sth spatial sub-domain, respectively; —Time variable
2 5 r ANIE TR B9 R

Fig.2 Grid point distribution in the rth temporal sub-domain

M%ﬁ@h%ﬂ%ﬁﬁ@ﬁﬂu%ﬁﬁm

ok kx (rs) * k
A lr)B( xS)T(”S) (12)
— 53 Z
GO 6(x(3)) vy
Hofrs 7 =T, s AL I R 7 A

KX £ 8 Je W ARG B R R R AR
R x 1 ke B DR A R AR

f4 3 (12) [RAR (5), WA r(r=1. 2. ~. p)
A B[] 88y 92 o1 O R B O h

(r s)

ZB(I Y)T(" ?)] +/l(r ‘)ZB(I Y)T(r s)

(r,s) (2,8) (r, s) (r ) (r ) (1,r) o(r,8)
/1 ZB T 1] 1] ZAtm Tm]
i=23,,M;j=2,3," -1;s=1,2,3 (13)

Horr, /l(”)\ pfsz)\ (”)ﬂﬂ‘ﬁfh, NS BE S
z(r) (s))&\ {0 115 /1(r I /1(’ V)/\jchj Sy AT L b
X TH x#) RS . Hﬂ = (3), (”)\ plS S

LJ LJ
A9 AT B
3
(rs) _ pe _ pm) (7Y [ 1) (9
Pij = kZ(Pk PR)(TY) (Ve
=1
ZP‘“ T(”) ,P=21,p,c,
k=-1
A = Z -2 ()T Vo)
k=-1
Zk/lm T(S) ,
k=-1
3 k-1
A= {Z - e e
k=—1

oo, VOO R VO£ 8= X0 4R x 19 TR
R VO R 35 4). T TG

x(z) n-1
(1) My _ 2,2 i
()= OV(x) Hz[Hz
17<3>(x§.3>) =0 (15)
;%t{Ji‘Hl m‘*ﬁ% r(r::l \ RN p)/I\HTJ‘I‘EJ%

BRI PR 25 AE S (6)  Fim AR (7) B (8) Kih Bt
A (9) # (10) B HLH

X(6): T(”) T(”)(x(s))]—12 “\Ny;s=1,2,3 (16)

it(7) T(rs) T(r s+1) =23,

i i1 “M.s=1,2 (17)

Z B(l s+1)T(rs+l)

Ng,n™ i,n

Ny
iﬁ(8)- ZB(I s)T(rs)
n=1

i=2,3, Mys=1,2 (18)

In “in bot

R©): - (”)Z BIDTED = o [100 - 706

i=2,3, M, (19)



- 6288 -

EEMRER

N3.n™in

N3
,3 1,3 \3
R10): A% D BYITED = g0 (1)~
n=1

e () - [ra] =230,

(20)
2 af s, e Eest (13) A= (16)~(20) # 7
E X N B[R] R 23 [R]85 AN ] E (an =X (13)
TR SR SR EE A F RS, it (16) i Rk
IR T AT, PR B R g ax L b
WRAME . TR, 8 —FE Ik LA
B A AR BE 7 78 X R R [R) A 2s [R] 48 4
WA L. BIEE M E i (18) 1L (16)~(20) AT
PLVE g R 5 B B 2
A3 Ao (19, TR, )+
Ao (I3, TOVBGY )+
o1, TR, ) o

(L) an(r,s) §(5) NG
(AZ:Mr,:T I:,Z:Nx—l) =0

2:M,,2:Ng—1°
§ = 1,2,3 (21)
ﬁ(16) I(lr:)T(r,s)’I“(s) — T(ini,r,s)’s — 1’2’3 (22)
AT 19, T =10, TV =12
(23)
H(18): I(zri.;/lr,:T(r,S) B(IN:Z) - Ig;;wh:T(r,s+]) Bill,s+l)’
s=1,2 (24)
R(19): —arYo (1)), TEVBY) =
oot (I, TOVI) =T "), (25)

Koy ALY o(15), TOIBY) =

2:M, 2:M,
(26)
JOr s TO9 g R SRR B T T W My x NoAE B
T g 0] U i JE T O3 B Ny x L)
Tt | onn - gonn g il Sy R ER R
TO@) bR B Ty b
G (87T B M LY 5 009 g M, x N2 4 I
IR §) 43 500 A M, By F0 NGBy 2007 0 5 AR
B®e9 (ke = 1, 2) 43 1 AL Z B AT A B I i
MR NGB R 5 Bl g B 6 58 R 1 5
il 2 AIE 2R T2 M0 B 22 3 DAY 57 5 B 1)

gt _ 08[( 1(2% h:T<r,3) 7523)04 _ (T(top,r))°4]

R TR ARG, W1, R R M, B
BERE IOV i8R )G — 1T 0 BT W
(M, — V)X M,JE [ ; 8 5 £F o4 /R Hadamard X ,
Hog Uk
(Xo¥); = Xij¥ip(XH), = (X, ) (27)
Hdr, X ALY Sy [R) A

R SR ik Bk N7 FE B O R G (21)~(26), BT R H
Kronecker F1®® 5 HAL 4k S dn F AR KOs 72 .

3 N, 102
K@D: vee@])o [BYY | @15, veo™)| "+

o L
vec(Ay")o [B(z: 132_ . o1 zur’:vec(T“’”)] +

vec(/lg’s)) o [B(Z’S)

2:Ns—1,: ®I(2’3ur’:V€C(T(r’S))] -

sty vese e[, 0L

veo(T")| = vee(05:y) 5y -
s=1,2,3

(28)
R(22): VI vec(T"™) = vee(T™),
s=1,2,3 (29)

K@23): Iy 1Y), vee(T") =

IeIy), vee™ ) s=12  (30)

X24): Byl vee(T"™) =

BeI)  vee™) s=1,2  (31)

K(25): —veey Vo [BV eIy, vee(T" )] =

i oo
hoot | I} © 1), vec(@™D)-TE"| - (32)

R26): vee)o [BYY ®IY), vee(T)] =

top

. o4
a5 - oe{[I3) e 1), veed )] -

()™

(33)
Hor, vec() A REAL T 5 TS BUE I 9 i
IR IE SIS/ N

15 (28)~(33) TT A5 F J e bk PRy PR 4 -

|EV + EX) (T | T = (34)
o f O T RIS R AR R R
5tk BV R MERIBE R EY) oAk 4k W A
B, R TR 1 i P



1 S5

T b Rl 0 SR BR T vk B D RE B E BRI 2 A I e M DR S A8

+ 6289 -

T
Toom ={ vec(T®D)  veo(T"?) veo(T") | (35)

& Hl Newton-Raphson % 1t 75 3K i 5 (34), HP
Al A5 r ANE A 380N FGM 32 )2 M 19 dL B 43 A
2 W 1] - Sl A 26 220 | 3L BE A AR AT AE R — A
06 W BE A o DB — A IS ] 3 4 3 i
Ja—A~FHk, BIATAS 20 B A 57 ok B 0 I 4 A .

AIALSTHr T FGM e JZ R 1) — dE AR L PR BE S
ekl , (AT BT HF = =4 mEn it
B LA YE R A ), AT AR AR T 1) AR
ST A W AR B o O AR AT SR RT LA S A

L, feJE e B AR LA BT R 4 b T LR H
Newton-Raphson 3% Uik 475K i o 3% 26 ) 2544 78
JR gk TAEhIT

3 WSS

Z W R A 4 8 - W % A FGM e 2 A,
KRG W M AR E S (28 SUS304/
SisNy), 5 K NEkG & MAEE S (2 Ti-
6A1-4V/Zr0,). #1451 T 450 R T S50 R
HE RS an e UL, (B I S 2
M Ak T34 50 LB 3 T, = 300 K.

£1 ASMERTSHNEE RS

Table 1 Temperature coefficients of thermophysical properties for the component materials®*2®

Material Property P, P, Py p, Py
A/(W-(m-K)™) 15.379 0 -1.264x 107 2.092x107° —7.223x107°

SUS304 c/(J-(kg-K)™) 496.56 0 -1.151x107® 1.636x107° -5.863x107°
p/(kg:m™) 8166.0 0 0 0 0
A/(W-(m-K)™) 13.723 0 -1.032x 10 5.466 x 1077 -7.876x107"

SizN, c/(J-(kg-K) ™) 555.11 0 1.016x107 2.920x1077 -1.670x107"°
p/(kgm™) 2370.0 0 0 0 0
A/(W-(m-K)™) 1.0000 0 1.704x1072 0 0

Ti-6Al-4V c/(J-(kg-K) ™) 625.30 0 -4.224x10™* 7.179x1077 0
p/(kgm™) 4420.0 0 0 0 0
A/(W-(m-K)™) 1.7000 0 1.276x10™* 6.648x10°® 0

Zr0, c/(-(kgK)™) 487.34 0 3.049x10™* -6.037x107° 0
p/(kg:m™) 5700.0 0 0 0 0

Notes: 4, ¢, p—Thermal conductivity, specific heat, and density, respectively; P, (k = -1, 0, 1, 2, 3)—Temperature coefficients; SUS304,
SizNy, Ti-6Al1-4V, and ZrO, denote stainless steel, silicon nitride, titanium alloy, and zirconia, respectively.
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i F A SCH T IDQEM, [R5 B AF 58 K (i 45
RSt . B — PR BsEch n=0.2,
NSl H=1mm i 1-2-1 %! SUS304/Si;N, 3% )2
M, 121 RRERE. B2 IENEEZ
te, RUSEREENIRZEMIZRE MW 245, 5
gL, R XA s KRR & 2R Z I

JeJE M bRz AR AT, T R TR
SN T, =400 K Fl T,, = 300K, &) IDQEM, fi
FENRZ L R TIZ X R 2 (8] 7 3R 8 8y
N Ny =0.25N, N,=0.5N. Ny=0.25N, T #ih
FEA A AN BE B (R AR Ak, R TG 5 A B 1) 37 40
5 (Bl p=1). £ 245 T SUS304/SigN, ¥ )2t i
JE RSS2 R BT AR . WL W, B

F2 ERSHIEL = 0.2 Bt SUS304/SizN, KE x= 0.75H LHRELER (B4L: K)
Table 2 Temperature results at x = 0.75H for the SUS304/Si;N, sandwich slab with volume fraction index 7 = 0.2 (Unit: K)

Spatial grid point number

Time Temporal grid point number
N=12 N=20 N=28 N=36
M=4 342.16 (0.0312s) 342.96 (0.0625 s) 342.98 (0.0938 s) 342.99 (0.1154 s)
£=0.0Ls M=12 342.16 (0.1406 s) 343.01 (0.1719's) 343.00 (0.2193 s) 343.01 (0.4688 s)
M=20 342.16 (0.1875s) 343.01(0.3281s) 343.01 (0.5806 s) 343.01(1.03125s)
M=28 342.16 (0.2031 s) 343.01 (0.5156 s) 343.01 (1.1562s) 343.01 (2.1094 s)
M=4 362.95 (0.0469 s) 362.80 (0.0712 s) 362.81 (0.1024 s) 362.80 (0.1193 s)
M=12 362.87 (0.1562s) 362.69 (0.1736 s) 362.68 (0.2056's) 362.68 (0.5021 s)
1=003s M=20 362.87(0.1719 s) 362.70 (0.3598 s) 362.69 (0.6006 s) 362.69 (1.0156 s)
M=28 362.87 (0.2031 s) 362.70 (0.5469 s) 362.69 (1.0625 s) 362.69 (2.2188 s)

Notes: M and N—Total numbers of grid points in the temporal and spatial domains, respectively; The content in parentheses represents the

central processing unit (CPU) time.
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AR, SR A DT R THE PR E BL R IS E . (1)
I AL T R BRI, Hb R T S8
I T, =300 K I A9 {H (Case 1); (2) B EEFKR TS
B R R (Case 2). T5LA 3.1 1 Y 2 2Rk

i, R 345H TAEN T BUES R S CPU TR
] A %F . AT DL Y, Case 1Y 45 3 & I
Case2 [k, e KiR22i5%] 1.76%, HPAHEHT
HERCRIF LR EES

R 3 FWMERTEHELS RN CPU HTER ERIXTLE

Table 3 Comparison of numerical results and CPU time in the two cases

Position Time/s Case 1/K Case 2/K Error CPU time of Case 1/s CPU time of Case 2/s
0.01 302.43 301.40 0.34% 0.6094 0.6310
x=0.25H
0.03 314.28 312.23 0.66% 0.5938 0.5781
—0.75H 0.01 349.05 343.01 1.76% 0.6094 0.6310
=0 0.03 365.93 362.69 0.89% 0.5938 0.5781

Notes: In Case 1, only the thermal conductivity is considered to be TD; In Case 2, all the thermophysical properties are considered to be

TD.
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Fig.6 Temperature profiles of the SUS304/Si;N, sandwich slab under different top surface temperatures T,
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Fig.9 Temperature variations of the Ti-6A1-4V/ZrO, sandwich slab for n=0.2, 1, 5
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Fig. 10 Thermal diffusivity contour of the Ti-6Al-4V/ZrO, sandwich slab
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T~E 80 Time/s a, a, a,/107 as/10°
% 60 _Cisf lconstam heat flu 0-431.1 0 0.003196 1.021 -1.383
< 20 Case 2 431.1-660.2 -228.7 1.595 -2.670 1.471
w |l /T gx;i?gggréiiszheat flux(28] 660.2-1 561 253.4 -0.5961 —-0.6477 -0.2043
1 561-2 200 -1257 2.307 -1.212 0.1929
0 4.00 8(.)0 1 2.00 1 6.00 P (;00 Note: a; (k=0, 1, 2, 3)—Fitting coefficients.
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Fig. 11 Heat flux on the top surface of the Ti-6A1-4V/ZrO, sandwich slab
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